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Half-quantum vortices in polar phase of superfluid 3He
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The magnetic dipole-dipole interaction does not prevent existence of half-quantum vortices in the
polar phase of superfluid 3He which can be stable in uniaxial anisotropic aerogel. Here we discus this
exotic possibility. After developing a phenomenological theory of phase transition from the normal
to polar superfluid state and then to axipolar superfluid state we calculate the NMR properties of
such type superfluids at the rest or under rotation filled by an array either single quantum or half
quantum vortices.
PACS numbers: 67.30.he, 67.30.hm, 67.30.er
I. INTRODUCTION
Unlike to superfluid 4He the superfluid 3He-A supports the existence not only single quantum vortices but also the
vortices with half quantum of circulation1 and the superfluid flows with continuous distribution of vorticity.2,3 The
singular single quanta vortices as well as nonsingular vortices with 2 quanta of circulation and also so called ”vortex
sheets” have been revealed in rotating 3He-A.4,5 However, the half quantum vortices in open geometry always possess
an extra energy due to spin-orbit coupling preventing their formation. The discovery of vortices with half-quantum
flux has been reported recently in mesoscopic samples of spin-triplet superconductor Sr2RuO4 similar to superfluid
3He-A.6 Even earlier half-quantum vortices have been revealed in quite different ordered media - an exciton-polariton
condensate.7 In strontium ruthenate just the mesoscopic size of samples allows to avoid the problem of spin-orbital
interaction whereas in exciton-polariton condensate we deal with completely different nature of the order parameter
characterized by the light polarization and the phase of the condensate wave function.
The matrix of order parameter of superfluid 3He-A
AAαi = ∆Vα(∆
′
i + i∆
′′
i )/
√
2 (1)
is given by the product of its spin and orbital parts.8 The unit spin vector V is situated in the plane perpendicular to
the direction of spin up-up | ↑↑〉 and down-down | ↓↓〉 spins of the Cooper pairs. The vectorial product ∆′ ×∆′′ = l
of orthogonal unit vectors ∆′,∆′′ determines the direction of the Cooper pairs orbital momentum l.
The half-quantum vortices are admissible because a change of sign of orbital part of the order parameter acquired
over any closed path in the liquid corresponding to half quantum vortex can be compensated by the change of sign
of the spin part of the order parameter, so that the whole order parameter will be single-valued. These vortices in
the superflow field are simultaneously disclinations in the magnetic anisotropy field V with half -integer Frank index,
analogous to the disclinations in nematic liquid crystals.
More visual picture of half-quantum vortices can be given assuming that all vectors change their directions living
in (x, y) plane:
Vα = xˆα cosϕ/2− yˆα sinϕ/2, ∆′i + i∆′′i = (xˆi + iyˆi)eiϕ/2. (2)
Here ϕ is the azimutal angle in (x, y) plane perpendicular to the vortex axis along zˆ direction. The superfluid velocity
is given by phase gradient of the orbital part of the order parameter vs =
~
2m3
∇ϕ
2
. So, velocity circulation over
a closed path γ around zˆ axis
∮
γ vsdr = Γ/2 is twice smaller than it is for single quantum vortex with the order
parameter distribution
Vα = zˆα, ∆
′
i + i∆
′′
i = (xˆi + iyˆi)e
iϕ. (3)
Here Γ = h
2m3
= 0, 66 · 10−3 cm2sec is the circulation quantum.
Rotating vessel with a superfluid is filled by an array of parallel quantized vortices with density nv = 2Ω/Γ such
that local average superfluid velocity is equal to velocity of normal component rotating with angular velocity Ω of
vessel. The distance between the vortex lines is rv = n
−1/2
v . Typical experimentally accessible speed of rotation is of
the order several radians per second. For instance at Ω ≈ 3 rad/sec the distance between the vortices is ≈ 10−2cm.
Energy of nonhomogeneous distribution of the order parameter is
F∇ =
∫
d3r
(
K1
∂Aαi
∂xj
∂A⋆αi
∂xj
+K2
∂Aαi
∂xj
∂A⋆αj
∂xi
+K3
∂Aαi
∂xi
∂A⋆αj
∂xj
)
(4)
2Hence, the equilibrium energy density of rotating superfluid with angular velocity Ω filled by single quantum vortices
Eq. (3) with density nv in logarithmic approximation is given by the product of density of vortices on the energy of
one vortex
Fn=1 = nvfn=1, fn=1 = π|∆|2(2K1 +K2 +K3) ln rv
ξ
. (5)
Here ξ is the coherence length.
The energy density of rotating superfluid with angular velocity Ω filled in equilibrium twice more half quantum
vortices Eq. (2) does not have similar form. The reason for this is the spin - orbital interaction caused by magnetic
dipole interaction of helium nucleus. In a superfluid phase with triplet pairing the density of SO coupling energy is8
Fso =
gD
5|∆|2
(
AααA
⋆
ββ +AαiA
⋆
iα −
2
3
AαiA
⋆
αi
)
, (6)
that in case of A-phase with order parameter (1) is
FAso =
gAD
5
(
1
3
− (Vl)2
)
, (7)
where gAD ∝ |∆|2 is the constant of dipole-dipole interaction proportional to square modulus of A-phase order parame-
ter. Hence, at distances larger than dipole length ξd ∼ 10−3cm from the vortex axis the spin-orbital coupling suppress
the inhomogeneity in the spin part of the order parameter distribution: vector V tends to be parallel or antiparallel
to the direction of the Cooper pairs orbital momentum. At these distances a disclination transforms in the domain
wall (a planar soliton) possessing energy proportional to its surface area.1,9,10 The energy of rotating superfluid with
angular velocity Ω filled by half quantum vortices Eq. (3) with density 2nv have the following form
Fn=1/2 = 2nvfn=1/2 = nv
[
π|∆|2(2K1 +K2 +K3) ln ξd
ξ
+O
(
|∆|2K123 rv
ξd
)]
, (8)
where
fn=1/2 =
π
2
|∆|2(2K1 +K2 +K3) ln ξd
ξ
+O
(
|∆|2K123 rv
ξd
)
. (9)
So, due to the energy of the domain walls connecting disclinations in vector V field an array of 2nv half quantum
vortices is always nonprofitable in comparison with an array of nv single quantum vortices
Fn=1/2 > Fn=1. (10)
The neutralization of the dipole energy can be reached in the parallel plate geometry where 3He-A fills the space
between the parallel plates with distance smaller than dipole length under magnetic field H >> 25 G applied along
normal to the plates.4,11,12 This case the half quantum vortices can energetically compete with single quantum vortices.
However, even in this case the rotation of a ”parallel plate” vessel with 3He-A will create lattice of half quantum
vortices which at the same time presents two-dimensional plasma of ±1/2 disclinations in the spin part of the order
parameter with fulfilled condition of the ”electroneutrality”.4,11,12 The half quantum vortices in superfluid 3He-A till
now have not been revealed.
Fortunately the same magnetic dipole-dipole interaction does not prevent the existence of half-quantum vortices
in the polar phase of superfluid 3He probably realized13 in peculiar porous media ”nematically ordered” aerogel. We
discuss the half quantum vortices in the polar state in the next chapter. Then a phenomenological description of the
phase transition to the superfluid polar state in porous media with uniaxial anisotropy will be presented. Finally we
shall derive the NMR properties of rotating polar state with an array of half quantum vortices. Some preliminary
remarks on this subject have been published.14
II. HALF QUANTUM VORTICES IN POLAR STATE
The polar state is another superfluid equal spin pairing state with an order parameter being product of spin V and
orbital p real unit vectors
Apolαi = ∆Vαpie
iφ. (11)
3The order parameter distribution for a half quantum vortex is
φ = ϕ/2, p = const, V = xˆ cos
ϕ
2
− yˆ sin ϕ
2
, (12)
where ϕ is azimuthal angle in (x, y) plane perpendicular to the vortex axis along zˆ direction.
The spin-orbital energy Eq.(6) in the polar state is
Fso =
2
5
gpolD
(
(Vp)2 − 1
3
)
, (13)
where gpolD ∝ |∆|2 is the constant of dipole-dipole interaction proportional to square modulus of polar state order
parameter. Thus at V ⊥ p the spin-orbit interaction does not play a role and do not prevent formation of the half
quantum vortices. There is no need to work in parallel plates geometry and instead of inequality (10) the energy
densities of array of nv single quantum vortices and array of 2nv half quantum vortices are proved to be equal in
logarithmic approximation:
Fn=1/2 = Fn=1. (14)
So, now there is no problem with spin-orbit coupling but where to get a liquid helium in superfluid polar state?
III. POLAR STATE IN UNIAXIAL ANISOTROPIC AEROGEL
Let us consider an anisotropic aerogel with anisotropy axis along zˆ filled by liquid 3He. By means the quasiparticle
mean free path parallel l‖ and perpendicular l⊥ to anisotropy axis one can distinguish between the ”easy axis” l‖ > l⊥
and ”easy plane” l‖ < l⊥ anisotropy. It is known that anisotropy lifts the degeneracy between the different superfluid
phases with p-wave pairing.15 Namely, an easy plane anisotropy stimulate the phase transition from normal state to
the superfluid A-phase with the Cooper pair angular momentum ~l having preferable orientation along the anisotropy
axis. On the contrary an easy axis anisotropy makes preferable phase transition from normal state to the superfluid
polar state. At further temperature decreasing the latter is transformed to the axipolar state which at further decrease
of temperature is transformed to the almost pure A-phase with vector ~l randomly distributed in the basal plane, that
is so called Larkin-Imry-Ma (LIM) state.
The simplest phenomenological description of this phase transition sequence can be obtained making use the
following Landau free energy functional
Fcond = αA
⋆
αiAαi + ηijAαiA
⋆
αj
+β1|AαiAαi|2 + β2A⋆αiAαjA⋆βiAβj + β3A⋆αiAβiA⋆αjAβj + β4(A⋆αiAαi)2 + β5A⋆αiAβiA⋆βjAαj (15)
Here,
α = α0(T − Tc),
Tc = Tc(P ) is the transition temperature in superfluid state suppressed in respect of transition temperature in the
bulk liquid Tc0(P ) due to isotropic part of quasiparticles scattering on aerogel strands.
Media uniaxial anisotropy with anisotropy axis along zˆ is described phenomenlogically by the traceless tensor
ηij = η

 1 0 00 1 0
0 0 −2

 (16)
which modifies the second order terms in free energy. The case of ”easy axis” anisotropy corresponds to the positive
coefficient η > 0. The quasiparticle scattering in an aerogel certainly changes the coefficients βi in respect to its value
in the bulk liquid. Moreover, the anisotropy of scattering leads to appearance of the new fourth order terms like
β′2A
⋆
αzAαjA
⋆
βzAβj + c.c. (17)
In the following for simplicity we shall ignore the additional anisotropic fourth order terms (see, however, the remark
at the end of this section). At final stage we shall use the values of βi coefficients established in weak coupling theory
including strong coupling corrections found for the bulk liquid 3He stabilizing A-phase in respect to B-phase in high
pressure-high temperature region of superfluid state phase diagram.
4We shall work with the order parameter for the axipolar phase
Aαi = Vα [azˆi + ib(xˆi cosφ(r) + yˆi sinφ(r))] , (18)
here angle φ(r) determines the local direction of product ∆′ ×∆′′ = l caused by local anisotropy according Larkin-
Imry-Ma ideology. Substituting Eq.(18) in Eq. (15) we obtain
Fcond = (α− 2η)a2 + (α+ η)b2 + β12(a2 − b2)2 + β345(a2 + b2)2, (19)
where
β12 = β1 + β2, β345 = β3 + β4 + β5.
Minimization of Eq. (19) in respect of a and b gives that below the critical temperature
Tc1 = Tc + 2
η
α0
(20)
liquid passes from the normal state to the superfluid polar state with the order parameter amplitudes
a2 = a20 = −
α0(T − Tc1)
2β12345
, b = 0, (21)
where
β12345 = β1 + β2 + β3 + β4 + β5.
Then below the critical temperature
Tc2 = Tc − η
α0
3β345 − β12
2β12
(22)
there is the second phase transition of the second order to the axipolar state with following amplitudes of the order
parameter
a = a0 + δa, δa = −β345 − β12
2β12345
b2
a0
, b2 = −α0(T − Tc2)
4β345
(23)
To estimate Tc2 let us use the values of βi coefficients obtained in the weak coupling theory:
β1 = −0.5β, β2 = β, β3 = −β, β4 = β, β5 = β. (24)
Here β is a coefficient includes renormalization due to quasiparticle scattering in pure isotropic approximation.16 Its
particular value plays no role because it drops out from the expression (22). Thus, we obtain
Tc2 = Tc − 5
2
η
α0
. (25)
The strong coupling corrections lead to small modification of this formula, hence, Eqs. (20) and (25) show that the
critical temperature of normal - superfluid polar state transition is larger than the critical temperature in isotropic
aerogel, whereas the critical temperature of polar - axipolar state transition is smaller than the critical temperature
in isotropic aerogel. Thus, we have the phase transition splitting similar to that taking place in bulk A-phase under
magnetic field splitting the superfluid phase transition to the sequence of two transitions in A1 and then to A2
superfluid states. Below Tc2 a amplitude of the order parameter starts to decrease and b amplitude is increased. At
some temperature the a and b amplitudes will be almost equal each other and superfluid ordering acquires A-phase
form.
When we work with free energy functional (15) at small anisotropy when Tc1 ≈ Tc2 we deal in fact with one phase
transition from the normal to superfluid with order parameter amplitudes
a = b = ∆A/
√
2
and randomly distributed φ(r) angle due to local anisotropy in Imry-Ma clusters. This case we obtain
∆2A = −
α0(T − TcA)
2β345
, (26)
where
TcA = Tc +
η
2α0,
. (27)
One can distinguish with what superfluid state we deal with by means of difference in NMR properties.
5IV. NUCLEAR MAGNETIC RESONANCE PROPERTIES
The expression (6) for the spin-orbital coupling in an aerogel with uniaxial anisotropy is modified to17
Fso = C1
(
AααA
⋆
ββ +AαiA
⋆
iα
)
+ C2
(
2AzzA
⋆
ββ + c.c.
)
+ const, (28)
Here both coefficients C1 and C2 as well as the order parameter amplitudes depend on the quasiparticle scattering
length in anisotropic aerogel. Substituting Eq.(18) in the above expression, performing averaging over the randomly
distributed angle φ(r) and omitting the constant part we obtain
Fso = [2(C1 + C2)a
2 − C1b2]〈(V(t)zˆ)2〉. (29)
Hence, in pure polar state (21) we obtain
Fso = 2(C1 + C2)
α0(Tc1 − T )
2β12345
〈(V(t)zˆ)2〉. (30)
Here the angular brackets mean time averaging over fast precessional motion of V(t) vector around direction of
precessing magnetization with Larmor frequency ωL.
18,19 Namely, if we have external magnetic field directed at the
angle µ to the anisotropy axis zˆ and the precessing magnetization tilted on the angle β to the field direction
V(t) = Rx(µ)Rz(−ωLt)Ry(β)Rz(ωLt+ ϕ)xˆ, (31)
where Rx(µ) is the matrix of rotation around x axis on angle µ with similar definition of the other matrices.
Performing time averaging we obtain the angular dependence of the dipole energy
〈(V(t)zˆ)2〉 = 1
4
sin2 µ
[
(cos β + 1)2 sin2 ϕ+ (cosβ − 1)2/2]+ 1
2
cos2 µ(1− cos2 β). (32)
The frequency shift of transverse NMR from the Larmor value is given by
2ω∆ω = −2γ
2
χ
∂ 〈Fso〉|min
∂ cosβ
= −Ω2pol
∂ 〈(V(t)zˆ)2〉|min
∂ cosβ
, Ω2pol =
2γ2
χ
2(C1 + C2)
α0(Tc1 − T )
2β12345
. (33)
Here γ is helium-3 nucleus gyromagnetic ratio, and χ is paramagnetic susceptibility.
For space homogeneous distribution of V vector typical for the liquid at rest or in rotating liquid filled by the single
quantum vortices the minimum value of dipole energy UD|min in respect of azimuthal angle ϕ is reached at ϕ = 0.
This case the transverse NMR frequency shift is
2ω∆ω = Ω2pol
(
cosβ +
1
4
sin2 µ(1− 5 cosβ)
)
. (34)
On the other hand for the space nonhomogeneous distribution of V vector typical for rotating liquid filled by the half
quantum vortices one must average dipole energy UD|min in respect of azimuthal angle ϕ. This case the transverse
NMR frequency shift is
2ω∆ω = Ω2pol
(
cosβ − 3
2
sin2 µ cosβ
)
. (35)
Thus, different angular dependence of NMR frequency shift allows to distinguish single quantum and half quantum
vortices arrays.
It is instructive to make formal comparison of the obtained frequency shift with the frequency shift that occurs in
case of direct transition to the Larkin-Imry-Ma A-phase. This case
2ω∆ω =
1
2
Ω2A
(
cosβ +
1
4
sin2 µ(1− 5 cosβ)
)
, Ω2A =
2γ2
χ
(C1 + 2C2)
α0(TcA − T )
2β345
. (36)
Here we used Eqs.(26) and (29). Then the slopes of linear temperature dependence of Ω2pol and Ω
2
A are related to
each other as follows
dΩ2pol
dT
/
dΩ2A
dT
=
2β345
β12345
(C1 + C2)
C1 + 2C2
. (37)
6Experimentally13 this ratio of slopes at small pressures is closed to 4/3 that corresponds to weak coupling value of
combination 2β345/β12345 = 4/3 (see Eq.(24)). On the other hand the combination 2β345/β12345 determined from
other experiments20 at different pressures takes values in interval from 1.25 to 1.39.21
Formula (29) also describes the change of the temperature dependence of NMR frequency shift at phase transition
from the pure polar state to the axipolar state. Namely, at T < Tc2 we obtain
2ω∆ω = Ω2axipol
(
cosβ +
1
4
sin2 µ(1− 5 cosβ)
)
, (38)
where
Ω2axipol =
2γ2
χ
2(C1 + C2)
α0(Tc1 − T )
2β12345
[Tc1 − T + r(T − Tc2)] (39)
and
1− r = 1− 1
4β345
[
2(β345 − β12) + C1
C1 + C2
β12345
]
(40)
is the ratio of the slopes of the temperature dependence of the phase shift below and above Tc2. To estimate r let
us neglect by anisotropic part of spin-orbital energy, that is put C2 = 0, and use the values of βi coefficients in weak
coupling approximation (24). We obtain
r =
3β345 − β12
4β345
=
5
8
= 0.625. (41)
Estimation using the data of the Ref.20 yields the r values in interval from 0.6 to 0.64.21 Thus, the slope of ∆ω
temperature dependence below Tc2 begins to decrease.
V. CONCLUSION
The discovery of strongly uniaxial anisotropic aerogels opens new perspectives in physics of superfluid 3He. First,
it is an existence of pure polar state in temperature interval just below critical temperature of normal-superfluid state
phase transition.15 Second, it is a possibility to create an array of half quantum vortices in rotating vessel with the
polar state filling this type of aerogel.
It is shown that half quantum vortices in the polar superfluid state can be energetically stable due to absence of an
extra energy of domain walls between them preventing their existence in superfluid 3He-A. In view of serious doubts
to get reliable results in frame of pure microscopic theory, taking into account pressure dependent strong coupling
corrections, anisotropy and randomness of quasiparticle scattering, we have chosen a pure phenomenological approach.
It allows us to describe the sequence of the phase transitions in the superfluid 3He filling uniaxial anisotropic aerogel
and then to establish the transverse NMR properties for fluid at rest as well as for the rotating superfluid, which were
proved to be different in case of single quantum and half quantum vortices filling the rotating vessel.
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